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Properties of the multi-species electromagnetic Weibel and electrostatic two-stream insta-
bilities are investigated for an intense ion beam propagating through background plasma.
Assuming that the background plasma electrons provide complete charge and current neu-
tralization, detailed linear stability properties are calculated within the framework of a

macroscopic cold-fluid model for a wide range of system parameters.



I. INTRODUCTION

High energy ion accelerators, transport systems and storage rings [1-5] are used in fundamental
high energy and nuclear physics research and for applications such as heavy ion fusion, spallation
neutron sources, and nuclear waste transmutation. Charged particle beams are subject to various
collective processes that can deteriorate the beam quality. Of particular importance at the high
beam currents and charge densities of interest for heavy ion fusion are the effects of the intense
self-fields produced by the beam space charge and current on determining detailed equilibrium,
stability, and transport properties. In general, a complete description of collective processes in
intense charged particle beams is provided by the nonlinear Vlasov-Maxwell equations [1] for the
self-consistent evolution of the beam distribution function, f;(x,p,t), and the electric and mag-
netic fields, E(x,t) and B(x,t). While considerable progress has been made in analytical and
numerical simulation studies of intense beam propagation [6-70], the effects of finite geometry and
intense self-fields often make it difficult to obtain detailed predictions of beam equilibrium, stabil-
ity, and transport properties based on the Vlasov-Maxwell equations. Nonetheless, often with the
aid of numerical simulations, there has been considerable recent analytical progress in applying
the Vlasov-Maxwell equations to investigate the detailed equilibrium and stability properties of
intense charged particle beams. These investigations include a wide variety of collective interac-
tion processes ranging from the electrostatic Harris instability [29-35] and electromagnetic Weibel
instability [36-41] driven by large temperature anisotropy with 7'\, > T}, in a one-component
nonneutral ion beam, to wall-impedance-driven collective instabilities [42-45], to the dipole-mode
two-stream instability for an intense ion beam propagating through a partially neutralizing elec-
tron background [45-56], to the resistive hose instability [57-63] and the sausage and hollowing
instabilities [64—66] for an intense ion beam propagating through a background plasma [67-70], to
the development of a nonlinear stability theorem [20, 21] in the smooth-focusing approximation.

In the plasma plug and target chamber regions for heavy ion fusion, the intense ion beam
experiences collective interactions with the background plasma. In this paper, we investigate
theoretically properties of the multi-species electromagnetic Weibel and electrostatic two-stream
instabilities for an intense ion beam propagating through background plasma. Assuming that the
background plasma electrons provide complete charge and current neutralization, detailed linear
stability properties are calculated within the framework of a macroscopic cold-fluid model for a
wide range of system parameters.

The organization of this paper is the following. The assumptions and theoretical model are de-



scribed in Sec. II. The eigenvalue equations for the Weibel instability and the two-stream instability

are then analyzed in Sec. III and IV, respectively.

II. MACROSCOPIC FLUID MODEL AND EIGENVALUE EQUATION

In the present analysis, we make use of a macroscopic fluid model [1, 71] to describe the
interaction of an intense ion beam (j = b) with background plasma electrons and ions (j = e, ). The
charge and rest mass of a particle of species j (j = b,e,4) are denoted by e; and m;, respectively.
In equilibrium, the steady-state (0/0t = 0) average flow velocities are taken to be in the z-
direction, VJO-( X) = VO( )é. = Bj(r)cé., and cylindrical symmetry is assumed (0/00 = 0). Axial
motions are generally allowed to be relativistic, and the directed axial kinetic energy is denoted
by (v; — 1)m;c?, where v;(r) = [1 — ﬂjz(r)]_l/Q is the relativistic mass factor of a fluid element.
Furthermore, the analysis is carried out in the paraxial approximation, treating the velocity spread
of the beam particles as small in comparison with Gyc. Denoting the equilibrium density profile by

0

n;(r) (j = b, e, 1), the corresponding equilibrium self-electric field, E%(x) = E%(r)é,, and azimuthal

self-magnetic field, B(x) = Bj(r)éy, are determined self-consistently from
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where r = (22 + y?)'/? is the radial distance from the axis of symmetry. Finally, denoting the
transverse pressure by PV (1) = n; ( e ;(1), equilibrium radial force balance on a fluid element

of species j corresponding to a self-pinched equilibrium is given by

D00 = (e (B2r) — 851V BY(r) 3)

Examples of specific equilibrium profiles consistent with Egs. (1)—(3) are given in Chapter 10 of
Ref. 1.

In the macroscopic stability analysis, we specialize to the case of axisymmetric, electromag-
netic perturbations with 9/00 = 0 and 9/0z = 0, and perturbed quantities are expressed as
p(r,t) = 6u(r)exp(—iwt) where I'mw > 0 corresponds to instability (temporal growth). For
the perturbations, the perturbed field components are dE(x,t) = JE,(r,t)é, + 0E,(r,t)é, and
0B (x,t) = 6By(r,t)éy, where

0
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follows from the #-component of the V x § E Maxwell equation. Furthermore, some straightforward

algebra shows that the r and z-components of the V x § B Maxwell equation can be expressed as
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where 0V, 6V,; and dn; are determined self-consistently in terms of 0F, from the linearized
continuity and force-balance equations. Note from Egs. (4)-(6) that the field perturbations have
mixed polarization with both a longitudinal component (§E, # 0) and transverse electromagnetic
field components (0Byp # 0 and dE, # 0). This is because for drifting charge components with
Bj # 0 the electrostatic and ordinary-mode electromagnetic perturbations are coupled.

With regard to the linearized continuity and force balance equations, in the present macroscopic
analysis we neglect the effects of pressure perturbations. Denoting the density and average mo-
mentum of a fluid element of species j by n; = n? +dn; and P; = v;m;3;ce, + 6P, respectively,

the linearized continuity and force balance equations can be expressed as
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where 6Py; = 0 and §j(r)c = Vzoj(r). Here, we can express 6P; = ~,;m;j0V; + dy;m;fB;cé,, where
oy = (7]3/02)\/']0- -0V, = ('ng-/c)ﬂjévzj and v; = (1 — ﬂ?)‘lﬂ, which gives the expected results
O0P,; = vjm;oV,; and 6P,; = ’y?mjﬁ/;j.

It has been shown previously that a sufficiently strong self-magnetic field Bg # 0 tends to
reduce the growth rate of the Weibel instability in intense beam-plasma systems [72]. For our
purposes here, in the remainder of this paper we specialize to the case of a charge-neutralized and
current-neutralized beam-plasma system with

Z nj(r)e; =0, Z n9(r)Bie; =0 , (10)

Jj=b.ei j=b,e,i



where ; is taken to be independent of r for simplicity. It then follows from Egs. (1), (2) and (10)
that EY = 0 = Bj, which is consistent with Eq. (3) in the cold-fluid limit. Setting Bj(r) = 0 in
Egs. (5)—(9) gives

iwdVyj = ——2 (5ET _ b 0 E) : (11)
Y w Or
iwdV.; = _7;{;% SE, , (12)
J

for the perturbed flow velocities. Combining Egs. (4), (6) and (11) then gives
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where wf)j(r) = 47rn?(r)e? /vjm; is the relativistic plasma frequency-squared. Note that Eq. (13)

relates the longitudinal electric field JE, directly to (0/0r)dE,. It is clear from Eq. (13) that
6B, # 0 whenever >, ﬁngj # 0. From Egs. (4), (11) and (13), we then obtain for the

perturbed radial flow velocity

—’L'w’)/jmj(sv;«j = —ej

SE, . (14)
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Making use of Egs. (7), (12) and (14) to express 6V,; and dn; directly in terms of §E, and

5j+w

(0/0r)dE., some straightforward algebra shows that the Maxwell equation (5) can be expressed as
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where v; = (1 — ﬁjz)*l/Q is the relativistic mass factor, and ng(r) = 47rn9(r)e?/’yjmj.

Equation (15) is the desired eigenvalue equation for axisymmetric, electromagnetic perturba-
tions with polarization 0FE = dFE, e, + dE.é, and d B = §Byéy, with the terms proportional to
D jebe ?ng(r) and > iy ﬁngj(r) providing the free energy to drive the Weibel instability.
Equation (15) can be integrated numerically to determine the eigenvalue w? and eigenfunction
dE.(r) for a wide range of beam-plasma density profiles n?(r). As discussed in Sec. III, analytical
solutions are also tractable for the case of flat-top (step-function) density profiles. As a general
remark, when ., ﬁ?ng(r) #0and >,y ﬂngj(r) # 0, Eq. (15) supports both stable fast-
wave solutions (I'mw = 0, |w/ck | > 1) and unstable slow-wave solutions (I'mw > 0, |w/ck;| < 1).
Here, |k | ~ |0/0r| is the characteristic radial wavenumber of the perturbation. Moreover, Eq. (15)

also supports stable plasma oscillation solutions with predominantly longitudinal polarization as-

sociated with the factor proportional to [w? — b wf)j (r)]~!. Finally, for a perfectly conducting



cylindrical wall located at r = ry, the eigenvalue equation (15) is to be solved subject to the

boundary condition

SE.(r=rm1y)=0. (16)

III. WEIBEL INSTABILITY FOR STEP-FUNCTION DENSITY PROFILES

As an example that is analytically tractable, we consider the case illustrated in Fig. 1 where

the density profiles are uniform both inside and outside the beam with

n?(r) = ﬁ; = const., j=b,e,i, (17)
for 0 <r < rp, and

n?(r) = ﬁ? = const., j=e,i, (18)
for r, < r < ry. Here, the superscript “i” (“o”) denotes inside (outside) the beam, and 7) = 0
is assumed. Consistent with Eq. (10), Zj_beiﬁ;-ej =0 = Zj_beiﬁ?ﬁjej and Zj_elﬁg ;=

0= Zj ei 1 98;e; are assumed. We also take 3; = 0 (j = e,i) in the region outside the beam
(ry < 7 < ry). The subsequent analysis of the eigenvalue equation (15) is able to treat the three
cases: (a) beam-plasma-filled waveguide (r, = r,); (b) vacuum region outside the beam (ry, < 7,
and ﬁ? =0, j = e,i); and (c) plasma outside the beam (r, < r,, and ﬁ? #0,j=e,i).
Referring to Fig. 1 and Eq. (15), it is convenient to introduce the constant coefficients
~i2

~1
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for 0 <r < rp, and

R z = (20

for 7, < r < 7y, where &2 = 47m es /’y]m], j=b,ei, and wp

5 = 4mifed/mj, j = e,i. We denote

j
the eigenfunction inside the beam (0 < r < 73,) by E(r) and the eigenfunction outside the beam

(ry <7 < 1y) by 0EH (r). Equations (15), (19) and (20) then give

19 9
——r—0E! + T?SF! = < 21
. 87“5 +T26 0, 0<r<mn, (21)

and

1
;% 825}3[[ THOEN =0, ry<r<ry. (22)



in the two regions. Equations (21) and (22) are Bessel’s equations of order zero. The solutions to
Egs. (21) and (22) that are regular at » = 0, continuous at r = 3, and vanish at the conducting

wall are given by

SEL(r) = AJy(Tir), 0<r<my, (23)

Ko(ToTw)Io(To’l“) — Ko(To’l“)Io(ToTw)
Ko(Torw)Io(Tors) — Ko(Tors) Io(Torw)

SE(r) = Ado(Tyry) Ty <1< Ty, (24)

where A is a constant, Jyp(z) is the Bessel function of the first kind of order zero, and Iy(x) and
Ky(x) are modified Bessel functions of order zero.
The remaining boundary condition is obtained by integrating the eigenvalue equation (15) across

the beam surface at r = rp. Making use of Egs. (17) and (18), and assuming f. = 0 = 3; in the

region outside the beam (r, < r < r,), we operate on Eq. (14) with fr"((llte drr--- for e — 0.
This readily gives the boundary condition
2582 ,A 212
2 z z ?
j=b.e,i [w2 - Z] =b,e,i ;Z;]] or =T} or r=ry

which relates the change in 0By = (ic/w)(0dE,/Or) at r = 1, to the perturbed surface current.
Substituting Eqgs. (23) and (24) into Eq. (25) then gives

w?[w? — i

2 22
1+ Z 7 p] (Z] bez/B_] )T’erO T'I"b
) —

j=be, ] bez P]
Ko (Tors) — K4(Th ny
— Tyry 0orw) Io(Tors) — Ko (Tors) To(Tor) (26)
Ko( 7w)lo(Tors) — Ko(Tory)Io(Torw)

where Tj(w) and Tp(w) are defined in Egs. (19) and (20), and [)(z) = (d/dz)Iy(z), Ji(x) =
—(d/dz)Jy(x), etc.

Equation (26) constitutes a closed transcendental dispersion relation that determines the com-
plex oscillation frequency w for electromagnetic perturbations about the step-function profiles in
Egs. (17) and (18). As noted earlier, the dispersion relation has both fast-wave and slow-wave
(Weibel-type) solutions, as well as a predominantly longitudinal (modified plasma oscillation) so-
lution, and can be applied to the case of a beam-plasma-filled waveguide, or to the case where the

region outside the beam (r, < r < r,) corresponds to vacuum (ﬁ? = 0,7 = e,4) or background

plasma ( #0,7 =e,1).



A. Beam-Plasma-Filled Waveguide (r, = r,,)

For the case where the beam-plasma system extends to the conducting wall (r, = ry), the
solution §EL(r) = AJy(T;r) in Eq. (23) is applicable over the entire interval 0 < r < r,,. Applying

the boundary condition §E!(r = r,) = 0 then gives the dispersion relation
Jo(Tiry) =0, (27)

which also follows from Eq. (26) in the limit 7, — r,,. We denote by p,, the n’th zero of Jy(pon) = 0,
and introduce the effective perpendicular wavenumber (quantized) defined by k2 = p2 /ri . n =

1,2,---. The solutions to Eq. (27) are then determined from
T?(w)=k , n=1,2,---, (28)

or equivalently,

2 ~ 42 ~i232 2
PR N R o
3 2 2.2 2272 °
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where use has been made of Eq. (19). In the absence of axial flow (8; = 0,j = b, e,), note that the

solution to Eq. (29) leads to the familiar fast-wave solution w? = c¢?k? + > i=be,i wf,?- with v; = 1.

For > y 5]2@;% #0and > y ﬁj@fj # 0, however, Eq. (29) supports two other solutions corresponding
to the Weibel instability and plasma oscillation solution.
Equation (29) is a cubic equation for w?. It is convenient to introduce the dimensionless quan-

tities Q2, K2, (3%) and (8) defined by

21.2
QQ _ w2 K2 — A
- ~i2 1 — ~i2
Zj:b,e,i Wpj Zj:b,e,i Wpj
2~ .0 g2
<ﬁ > - ~i2 ) <ﬁ> - ~ 32 ( )
Zj:b,e,i Wy Zj:b,e?i “pj

Rearranging terms, the dispersion relation (29) for a beam-plasma-filled waveguide can be expressed

as
K[ = Q21— (%) + ((8)* — (8)] = [@* — (1 — (D)@ - 1) , (31)
where use has been made of »,_, ., w;f]/yj = (1 - (3?%)) D jmbei (.:JZ In the absence of axial

streaming (8; = 0 and (3) = 0 = (3?)), the dispersion relation (31) gives directly the fast wave

solution, Q2 = 1 + Ki, or equivalently, w? = chi + Zj:bﬁ’i d}fj, as expected. On the other



hand, for (6%) # 0 and (B) # 0, and sufficiently short-wavelength perturbations that K? =

k2 /S ibesi @;2] > 1, the dispersion relation (31) can be approximated by
Q- Q%1 (6%)) - ((3) — (8)*) = 0. (32)

The solutions to the quadratic equation (32) for Q2 are given by

4((6%) — (B))\
1i<1+m> ] . (33)

It is readly shown from the definitions in Eq. (30) that (3?) > (3)2. Therefore the upper sign

RS

in Eq. (33) corresponds to stable plasma oscillations (22 > 0) modified by axial streaming effects.
On the other hand, for (3?) > (3)? the lower sign in Eq. (33) corresponds to Q? < 0. Because
02 < 0 for the lower sign in Eq. (33), it follows that Re) = 0 and

4 20 2 1/2 1/2

R /
ImQ—iﬁ(l (8%)'/?

The upper sign in Eq. (34) corresponds to temporal growth (Weibel instability) with Im > 0.
Whenever the inequality
A((5%) = (8)%)
(1—(5%))?

is satisfied, note that the growth rate for the unstable (upper) branch in Eq. (34) is given approx-

<1 (35)

imately by

(8% — (8)*)'/?
(1— (B2 -

In dimensional units, when the inequality in Eq. (35) is satisfied it follows from Egs. (30) and

ImQ) =

(36)

(36) that the growth rate of the Weibel instability for short-wavelength perturbations (c?k? >

D jebe d);fj) in a beam-plasma-filled waveguide can be approximated by

2\ 211/2 Y
tm =T = S 30 o) (37)

j=b,e,i
The quantity Iy, defined in Eq. (37) provides a convenient unit in which to measure the growth
rate of the Weibel instability in the subsequent numerical analysis of the general dispersion relation
(26).

For a beam-plasma-filled waveguide, the exact solutions for w? (or 2) are of course determined
from the cubic dispersion relation (29), or equivalently Eq. (31). With regard to the Weibel

instability growth rate estimate in Eq. (36) or Eq. (37), it is important to recognize the relative size
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of the contributions from the various beam-plasma species to the instability drive terms in Eq. (37).
For present purposes, we consider a positively charged ion beam (j = b) propagating through
background plasma electrons and ions (j = e,i). The charge states are denoted by e, = +Ze,
e. = —e, and e; = +Z;e, and the plasma electrons are assumed to carry the neutralizing current
(Be # 0), whereas the plasma ions are taken to be stationary (f; = 0). The conditions for charge

. . /\Z’ L . . /\Z’ . L .
neutralization, Zj:b@i nje; =0, and current neutralization, Zj:b@i njejﬁj = 0, then give

= anb+Zn ,

By Zyy

= o 38
Pe Zyny + Z;n: (38)

Except for the case of a very tenuous beam (Zyf{ < Z;n}), note from Eq. (38) that (. can be a
substantial fraction of 3j.
In the subsequent analysis of the dispersion relations (26) and (29), it is useful to define

0= Y i o= Yo, (3)

j=b.e,i j=e,i
where wp = 47m es /’yjm]7 v =(1- 62)*1/2 and d) = 47m es /mj Note from Egs. (30) and (39)

that Zj:b@i
B; = 0 shows that

@ >/ vi =, — (8%)Q;, . Careful examination of the expression for T',, in Eq. (37) for

FQ N 1 ( e ];e—i_ﬁbw )A12+(ﬁb ﬁe) A;?eA;Z;b (40)
v (1 - <ﬁ2>) Zj:b,e 7 A;%
For wpb, w P << w;e, it follows that Eq. (40) is given to good approximation by
1 2
2 ~ m[ c?w;n + (B — Be)?@h] - (41)
e

Note from Eq. (41) that Iy, involves the (slow) plasma frequencies of both the beam ions and the
plasma ions.

In the remainder of Sec. III we consider the case of a cesium ion beam with Z, = 1 and G, = 0.2
propagating through a neutralizing background argon plasma with Z; = 1, Al = (1/2)a! = 7}, and
Be = 0.1 [see Eq. (38)]. Ilustrative stability results obtained from Eq. (26) are shown in Figs. 2-5
for the case of a beam-plasma-filled waveguide, where the exact dispersion relation assumes the
simple form in Eq. (29) with k3 = p2,/r2, n=1,2,---, and Jy(pon) = 0. In particular, Figs. 2 and
4 show plots of the normalized growth rate (Imw)/T", for the unstable branch versus radial mode
number n for the choice of parameters corresponding to Qry/c = 1/3 (Fig. 2) and Qry/c = 3

(Fig. 4). The corresponding plots of the radial eigenfunction E,(r) versus r/r, are also shown
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for mode number n = 5. Comparing Figs. 2 and 4, we note that the normalized growth rate for
small values of n tends to be smaller for larger values of Q;rb /c. In general, for sufficiently large n,
the instability growth rate asymptotes at I'mw ~ I'y,, as expected from the estimate in Eq. (37).
Figures 3 and 5 show plots of the normalized real frequency (Rew)/ Qli, versus radial mode number
n obtained from Eq. (26) for the stable fast-wave branch. The system parameters in Figs. 3 and 5
are identical to those in Figs. 2 and 4, respectively, with in,rb /c =1/3 in Fig. 3, and Q;rb Je=3
in Fig. 5. In both cases, as expected, (Rew)/ Qli, asymptotes at ck, / Qli, for large values of n, where

K = poa/T0
B. Vacuum Region Outside of Beam-Plasma Channel (r, < 7,3 ﬁ(]) =0,j=¢e,i).

We now consider the case where there is a vacuum region outside the beam-plasma channel, i.e.,
rp < Ty and ﬁ? =0,j = e,i. In this case T§(w) = —w?/c* and Q) = 0 follow from Egs. (20) and
(41), and the full transcendental dispersion relation (26) must be solved numerically. As before,
both stable (fast-wave and plasma oscillation) and unstable (Weibel-like) solutions are found. For
brevity, we focus here on the unstable solutions to Eq. (26). Typical numerical solutions to Eq. (26)
are illustrated in Figs. 6 and 7 for the choice of system parameters r,, = 3ry, G = 0.2, 3. = 0.1,
nt=nt/2 =np, Q) =0 and Qiry/c = 1/3 (Fig. 6) and Qry/c = 3 (Fig. 7). Shown in Figs. 6
and 7 are plots of the normalized growth rate (Imw)/I',, versus radial mode number n, and plots
of the eigenfunction dF,(r) versus r/ry for mode number n = 5. Note from Figs. 6 and 7 that
the signature of the instability growth rate for the case of a vacuum region outside the beam-
plasma channel is qualitatively similar to that in Figs. 2 and 4 for the case of a beam-plasma-filled
waveguide. However, the normalized growth rate in Fig. 7 is somewhat larger for lower values of

radial mode number n than that in Fig. 4.

C. Plasma Outside of Beam-Plasma Channel (r, < 7,; ﬁ‘j) #0,j=e,i)

We now consider the dispersion relation (26) for the case where there is plasma outside the
beam-plasma channel, i.e., r, < 1, and ﬁ? #0,j = e,i. In this case T§ (w) = —(w?/c* — Q92/c?),
where 922 = Zj:eid)g]z. Typical numerical solutions to Eq. (26) for the unstable branch are
illustrated in Figs. 8 and 9 for the choice of system parameters r, = 3rp, G = 0.2, G = 0.1,
nt = nk/2 = nj =0 =ng, and Qiry/c = 1/3 (Fig. 8) and Qiry/c = 3 (Fig. 9). Shown in Figs. 8

and 9 are plots of the normalized growth rate (Imw)/I",, versus radial mode number n, and plots
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of the eigenfunction 0E,(r) versus r/r, for mode number n = 5. Comparing Fig. 6 with Fig. 8,
and Fig. 7 with Fig. 9, it is evident that the inclusion of plasma outside the beam-plasma channel
does not significantly change the instability growth rate relative to the case where there is vacuum
outside the beam-plasma channel.

To summarize, it is clear from the analysis in Sec. III that the Weibel instability with charac-
teristic growth rate I'y, can be particularly virulent for an intense ion charge bunch propagating
through background plasma that provides full charge and current neutralization. It is therefore
important to assess the relative importance of the electrostatic two-stream and electromagnetic

Weibel instabilities for similar system parameters. This is briefly discussed in Sec. IV.

IV. ELECTROSTATIC TWO-STREAM INSTABILITY

In this section, for purposes of comparison with the Weibel instability, we present a brief
discussion of the electrostatic two-stream instability for an intense ion beam pulse propagating
through a background plasma. Similar to Secs. I and III, it is assumed that the beam-plasma
system is fully charge neutralized and current neutralized [Eq. (10)] with EX(r) = 0 = Bp(r).
Furthermore, attention is restricted to azimuthally symmetric (0/00 = 0) electrostatic pertur-
bations with dE(x,t) ~ —Vdé¢(x,t) and dB(x,t) ~ 0. Perturbed quantities are expressed as
do(r, z,t) = dp(r) exp(ik,z — iwt), where k. is the axial wavenumber, and I'mw > 0 corresponds
to instability (temporal growth). Using the same assumptions as in Sec. II, without presenting al-

gebraic details [73] the cold-fluid-Poisson equations for the beam-plasma system can be expressed

as
19 wpi M)/} @ wpi (1)
Sl Y ) S| k21— IS ) 6 = 42
rar[r( .ZA(w—szz')Q)ar 4 z .ZA(W—szz')Q v=0 42)
Jj=b,e,i J j=be, J
where wg-(r) = 47rn?(r)e?/'yjmj, V.j = Bje, v = (1 — ﬂ?)_l/Q, and the notation is the same as in

Secs. II and III.

The electrostatic eigenvalue equation (42) can be used to calculate the complex eigenfrequency
w and eigenfunction d¢(r) for a wide range of density profiles n?(r). For present purposes, we
specialize to the case of the step-function density profiles considered in Sec. III and illustrated in
Fig. 1. For the choice of profiles in Fig. 1 and Egs. (17) and (18), Eq. (42) can be solved exactly
inside the beam-plasma system (0 < r < rp; Region I) and outside the beam (r, < r < ry,; Region

IT) subject to the requirements that d¢(r) be regular at » = 0 and satisfy d¢(r = ) = 0 at the

conducting wall. Without presenting algebraic details, integrating Eq. (42) across the beam surface
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at r = 7, then gives the dispersion relation
&2 / ~02
~ 1 W,
1-— 73] _———[1— ﬂ] , 43
[ Z CEVAAE 9% Z w2 (43)

j=b,e,i j=e,i
where @2 = 47m e /’yjm] inside the beam, and wp

v i = 47rn es /m] outside the beam. Similar to

Sec. III, we assume B, = 0 = ; in the region outside the beam, (; = 0 inside the beam, and that
B is related to [ by the current neutrality condition in Eq. (38) inside the beam. In Eq. (43), go

is the geometric factor defined by

I(/)(kzrb) [Lo (ko) Ko(k2rw) — Ko(kerp)lo(kzrw)]

— : 44
= Tolkors) (B3 ot Ralera) = Rg(hors)olfera) o
where Ij(z) denotes (d/dx)Iy(z), etc., where ry # r,, is assumed.
It is convenient to introduce the quantity so defined by
90
sp = . 45
o= (15)

Some straightforward algebra then shows that the dispersion relation (43) can be expressed in the
equivalent form
Wt /3 02
D(kzw)=1-s0 »_ w—kVJ'Z]) ~(1-s0) Y =0, (46)

] b7e7z J:€7Z

where s¢ is given (exactly) by

Kok, Ko(k,ry
Sozkzrbfé(szb)Io(szb)[ o(kzrs) o(ksr )}7

— 47
IO(kzrb) IO(szw) ( )
for r, # ry. In obtaining Eq. (47) from Egs. (44) and (45), use has been made of the Wronskian
identity Ko(x)I)(z) — Io(z)K{j(z) = 1/2z. Note from Eq. (47) that the geometric factor sy exhibits

a strong dependence on k, with

1
50~ —k2riln < w> for k22 <1, (48)
2 Ty
and
1
50 % 5 for k2r > 1. (49)

Due to the geometric factors sp and 1— sg in Eq. (46), the detailed properties of the two-stream
instability calculated from Eq. (46) differ substantially from the infinite beam-plasma results.

However, several interesting features of Eq. (46) are qualitatively evident. First, in the absence

02_0

W3 ), the channel electrons undergo unstable

of plasma outside the beam-plasma channel (@
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two-stream interactions with both the beam ions and the channel plasma ions. Second, when there
is plasma outside the beam-plasma channel (@g?- # 0), the channel electrons can undergo a strong
unstable two-stream interaction with the plasma electrons outside the channel.

We now present detailed two-stream instability results obtained from Eq. (46) for system pa-

rameters similar to those chosen in Figs. 6-9 in the analysis of the Weibel instability in Sec. III.

A. Beam-Plasma-Filled Waveguide (r, = r,,)

Hlustrative stability results obtained from Eq. (42) are shown in Figs. 10 and 11 for the case
of a beam-plasma-filled waveguide (r, = r,,). Here, we assume a cesium ion beam with 3, = 0.2
and Z, = 1 propagating through background argon plasma with Z; = 1 and ; = 0. Assuming
ni = nl/2 = A}, the current neutralization condition in Eq. (38) gives 3. = 0.1. For a beam-
plasma-filled waveguide (r, = ry), the dispersion relation obtained from Eq. (42) is identical
to Eq. (46) with s = 1. Furthermore, the dispersion relation (46) has two unstable branches
corresponding to the interaction of the plasma electrons with the beam ions, and the interaction of
the plasma electrons with the plasma ions. The unstable branches in Figs. 10 and 11 correspond
to the interaction of the plasma electrons with the plasma ions. Figures 10 and 11 show plots of
(a) the normalized growth (Imw)/&k, and (b) the real oscillation frequency (Rew)/&k, versus k.7
for the two cases corresponding to &h.ry/c = 1/3 (Fig. 10), and &, ry/c = 3 (Fig. 11). Note from
Figs. 10 and 11 that the two-stream growth rate is strongly peaked as a function of k,r,. For the
choice of system parameters in Fig. 11, the value of k, = k,,,, at maximum growth rate satisfies
kgmrg > 1. The maximum growth rate (Imw)maq, and value of k.., in Fig. 11 is given to excellent

approximation by the analytical estimates

380 1/2 wz? 1/3 »
(Imw)max i <T> 2(;7;2 w;z)ev
pe

(:)i Tp 1
Eymlry =~ 27pe > - 50
‘ ’rb (SO) c ’/BZ _ 55’ ) ( )

where §; = 0 is assumed and sy = 1. Equation (50) pertains to the unstable plasma electron-

plasma ion two-stream solution to Eq. (46). For the unstable plasma electron-beam ion solution
to Eq. (46), the estimates are similar to those in Eq. (50) with d);i replaced by d);b, and 5; — B
replaced by Gy — Ge.
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B. Vacuum Region Outside of Beam-Plasma Channel (r, < 7,3 ﬁ(]) =0,j=¢e,i).

We now consider the case where there is a vacuum region outside the beam-plasma channel, i.e.,
rp < Ty and ﬁ? =0,j = e,i. Figures 12 and 13 show plots of (a) the normalized growth (Imw) /&,
and (b) the real oscillation frequency (Rew) /d}f,e versus k,rp for the two cases corresponding to
@hory/c =1/3 (Fig. 12), and & r/c = 3 (Fig. 13) and the choice of system parameters r,, = 3ry,
Gy, = 0.2, 8. = 0.1 and ﬁi = /2 = nl. Note from Figs. 12 and 13 that the signature of
the instability growth rate for the case of a vacuum region outside the beam-plasma channel is
qualitatively similar to that in Figs. 10 and 11 for the case of a beam-plasma-filled waveguide.
The most unstable branch plotted in Figs. 12 and 13 corresponds to the interaction of the plasma

electrons with the plasma ions. The maximum growth rate (Imw)q, and value of k,,, in Fig. 13

is given to excellent approximation by the analytical estimates in Eq. (50) with sg ~ 1/2.

C. Plasma Outside of Beam-Plasma Channel (r, < 7,; ﬁ‘j) #0,j=e,i)

We now consider the dispersion relation (46) for the case where there is plasma outside the
beam-plasma channel, i.e., r, < 1, and ﬁ? # 0,j = e,i. Typical numerical solutions to Eq. (46)
for the most unstable branch are illustrated in Figs. 14 and 15 for the choice of system parameters
7w = 31y, Shown in Figs. 14 and 15 are plots of (a) the normalized growth rate Imw/@?, and (b) the
real oscillation frequency (Rew)/@!, versus k.ry for the two cases corresponding to Wl ry/c = 1/3
(Fig. 14), and d);erb/c = 3 (Fig. 15). Comparing Fig. 14 with Fig. 12, and Fig. 15 with Fig. 13, it
is evident that the inclusion of plasma outside the beam-plasma channel significantly change the
instability growth rate relative to the case where there is vacuum outside the beam-plasma channel.
In the absence of plasma outside the beam-plasma channel (@332 = 0), the channel electrons undergo
unstable two-stream interactions with both the beam ions and the channel plasma ions. When there
is plasma outside the beam-plasma channel (GJ;? # 0), the channel electrons can undergo a strong

unstable two-stream interaction with the plasma electrons outside the channel.

V. CONCLUSIONS

In this paper we have made use of a macroscopic cold-fluid model to investigate detailed prop-
erties of the multi-species electromagnetic Weibel instability (Sec. III) and electrostatic two-stream
instability (Sec. IV) for an intense ion beam propagating through a background plasma that pro-

vides complete charge and current neutralization. Detailed growth-rate properties have been cal-
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culated for a wide range of system parameters.
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FIG. 1: Schematics of the density profiles of the beam ions (72}) and the plasma ions and electrons inside

(nd and Al) and outside (¢ and A2) the beam.
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FIG. 2: Plots of (a) Weibel instability growth rate (I'mw)/Ty, versus mode radial number n, and (b)

eigenfunction 5Ez(r) versus r/r,, for n = 5 obtained from Eq. (26). System parameters are rp, = ry,

By =0.2, B = 0.1, n} =7l /2 =np, and Qry/c=1/3.
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FIG. 3: Plots of (a) stable fast-wave oscillation frequency (Rew)/Q;, versus radial mode number n, and

(b) eigenfunction §E.(r) versus r/r,, for n = 5 obtained from Eq. (26). System parameters are r, = ry,

By =0.2, fe = 0.1, 0} =7l /2 =nj, and Qry/c=1/3.
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FIG. 4: Plots of (a) Weibel instability growth rate (I'mw)/T, versus radial mode number n, and (b)

eigenfunction 8F, (r) versus r/r,, for n = 5 obtained from Eq. (26). System parameters are r, = 7y,

By =0.2, B = 0.1, n} =nl/2 =n}, and Q;rb/CZ 3.
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FIG. 5: Plots of (a) stable fast-wave oscillation frequency (Rew)/Q;, versus radial mode number n, and
(b) eigenfunction dE.,(r) versus r/r,, for n = 5 obtained from Eq. (26). System parameters are r, = ry,,

By =0.2, B = 0.1, n} =nl/2 =n}, and Q;rb/CZ 3.
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FIG. 6: Plots of (a) Weibel instability growth rate (I'mw)/T, versus radial mode number n, and (b)
eigenfunction 0, (r) versus r/ry, for n = 5 obtained from Eq. (26). System parameters are r, = ry/3,

By =0.2, B =0.1, 0] = nl/2=ny, Yry/c=1/3 and Q) = 0.
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FIG. 7: Plots of (a) Weibel instability growth rate (I'mw)/T, versus radial mode number n, and (b)
eigenfunction 0, (r) versus r/ry, for n = 5 obtained from Eq. (26). System parameters are r, = ry/3,

By =02, B =0.1, Al =nl/2 =0}, Qiry/c =3 and Qf = 0.
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FIG. 8: Plots of (a) Weibel instability growth rate (Imw)/T",, versus radial mode number n, and (b)
eigenfunction 0., (r) versus r/ry, for n = 5 obtained from Eq. (26). System parameters are r, = ry,/3,

By =102, B =0.1, 7 =0l /2 =0y =12 =ng, Vry/c=1/3.
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FIG. 9: Plots of (a) Weibel instability growth rate (Imw)/T",, versus radial mode number n, and (b)
eigenfunction 0, (r) versus r/ry, for n = 5 obtained from Eq. (26). System parameters are r, = ry/3,

By =0.2, B = 0.1, il = /2 =0 =72 = A2, Liry/c = 3.
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FIG. 10: Plots of (a) (Imw)/&}, and (b) (Rew)/&), versus k.7, calculated from the two-stream dispersion
relation (46) for rp = 7, Bp = 0.2, B = 0.1 and w;',erb/c =1/3.
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FIG. 11: Plots of (a) (Imw)/&}, and (b) (Rew)/&}, versus k.7 calculated from the two-stream dispersion

relation (46) for rp = 7y, Bp = 0.2, B = 0.1 and d)zﬂerb/c =3.
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FIG. 12: Plots of (a) (Imw)/&}, and (b) (Rew)/&}, versus k.7 calculated from the two-stream dispersion
relation (46) for r, = r,,/3, By = 0.2, B = 0.1 and &},.r,/c = 1/3 in the absence of plasma outside the

beam-plasma channel.
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FIG. 13: Plots of (a) (Imw)/&}, and (b) (Rew)/w), versus k.7, calculated from the two-stream dispersion

relation (46) for r, = 7,/3, B = 0.2, 8. = 0.1 and cIJ;,erb/c = 3 in the absence of plasma outside the

beam-plasma channel.
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FIG. 14: Plots of (a) (Imw)/&}, and (b) (Rew)/&}, versus k.ry calculated from the two-stream dispersion

relation (46) for 7, = r,,/3, B, = 0.2, B = 0.1 and &} 73 /c = 1/3 inclusing plasma outside the beam-plasma

channel with n¢ = n? = nt.



24

03 25
a

0.25 (@ ) (b)
@ (]
— —0
g 02 8 15
= 015 =
3 S 1
£ o1 QL

0 0

0 200 40 60 80 100 0 20 40 60 80 100
k.1, k1,

FIG. 15: Plots of (a) (Imw)/&}, and (b) (Rew)/&}, versus k.ry calculated from the two-stream dispersion
relation (46) for rp, = /3, By = 0.2, B, = 0.1 and w;erb/c = 3 inclusing plasma outside the beam-plasma

channel with nf = ng = n;.
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